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Abstract

A thermodynamically-based precipitation model, employing the classical nucleation and growth theories, has been adapted to

deal with simultaneous precipitation of metastable and stable phases. This model gives an estimation of the precipitation kinetics

(time evolution of radius and density of precipitates for both phases, as well as the evolution of solute fraction) in a wide range of

temperature. Results were successfully compared with an experimental isothermal precipitation diagram (Time�/Temperature-

Transformation, TTT) from the literature for the precipitation of e carbide and Fe3C in low-carbon steels.

# 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Many metallic alloys for structural applications gain

their mechanical properties through the small-scale

precipitation of a second phase [1,2]. The phase trans-

formation leading to an optimum distribution of hard-

ening precipitates from a supersaturated solid solution

(SSS) is often complex, involving a sequence of meta-

stable phases, which compensate a higher Gibbs energy

by coherent or semi-coherent interfaces with the metallic

matrix. Important industrial examples of such precipita-

tion sequences include SSS0/e0/Fe3C in iron�/carbon

alloys [3], SSS0/BCC copper0/9R copper0/FCC cop-

per (e ) in iron�/copper alloys [4], SSS0/GP zones0/

bƒ0/b ?0/b (Mg2Si) in Al�/Mg�/Si alloys [5] and GP

zones0/h ?0/h (MgZn2) in Al�/Zn�/Mg alloys [6].

In order to optimise the fabrication process of such

materials, much effort has been devoted to model the

precipitation kinetics and the relationship between the

precipitate microstructure and the resulting mechanical

properties. Such models have been developed at differ-

ent scales depending on the problem to be solved.

At the atomic scale, numerical methods based on

statistical physics (Monte Carlo), give a precise descrip-

tion of precipitation (formation of clusters, growth and

coarsening of precipitates [7,8]. These methods give a

space�/time description of precipitation but require

precise knowledge of interaction potentials between

the different atomic species. Moreover, they are still

restricted to the first stages of precipitation. These

methods have been successfully used in the description

in simple systems such as the precipitation of the

coherent BCC Cu phase in Fe.

At the mesoscopic scale, the phase field method

predicts space and time evolution of both the local

order parameter and the solute atoms fraction [9]. It

gives a description of the entire microstructure including

the interface. This method is very efficient in describing

order/disorder transformations, but fails to take into

account phenomena such as nucleation.

At a microscopic scale, the equations individually

established for the three stages of precipitation kinetics

(nucleation, growth and coarsening) have been exten-

sively used in integrated precipitation models [9]. These

equations can be either combined or numerically solved

to give the evolution of the mean precipitation char-
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acteristics (size and volume fraction) [10,11], or used as

tools to calculate the evolution of a complete size

distribution [12]. The versatility and small computing

time associated with these models has lead to the
successful description of relatively complicated situa-

tions, such as competitive precipitation at different

nucleation sites (e.g. matrix and dislocations) [10], or

non-isothermal precipitation in ternary systems (appli-

cation to Al�/Mg�/Si alloys [13]).

However, in all cases the description of the precipita-

tion kinetics was limited to one single phase (which can

be metastable or stable). The precipitation kinetics in a
regime where a precipitation sequence involving several

phases is present has received very little attention. At

best, the effect of the presence of a metastable phase on

the precipitation of the stable phase has been considered

as a nucleation efficiency parameter [11]. The interaction

of different types of precipitate in a competitive situa-

tion (metastable vs. stable) can be of three types:

1. in situ transformation of the metastable phase into

the stable phase (e.g. the Fe�/Cu system) [14];

2. heterogeneous nucleation of the stable phase on the
metastable precipitates (e.g. the Al�/Zn�/Mg system)

[15];

3. independent nucleation of both phases in the matrix

(e.g. the Fe�/C [16] or the Al�/Mg�/Si system).

The purpose of the present paper is to present a

description of competitive precipitation of two phases of

different stability, in the simplest of these three situa-

tions, namely (iii), where the two precipitate families are

simply related by the common solid solution. For this
purpose, the precipitation model of Deschamps and

Bréchet [10], based on the classical nucleation, growth

and coarsening theories, will be adapted to the two-

phases situation. In Section 2, the physical meaning of

these equations will be recalled and the coupling

between the different phases and the solid solution will

be introduced. Results of this approach are presented in

Section 3 and are applied to the Fe�/C system presenting
two stages of precipitation (metastable e -phase and

‘‘stable’’ Fe3C?). Finally, our results are compared with

Time�/Temperature-Transformation (TTT) diagrams

obtained from electrical conductivity measurements [17].

2. Model

The model for homogeneous precipitation is based on

the model by Deschamps and Bréchet [10]. In the

original work, two stages for precipitation are consid-

ered for the precipitation kinetics: the first involved
simultaneously nucleation and growth, and the second

involved simultaneously growth and coarsening. A

criterion ruling the crossover from one regime to

another was introduced. For the sake of simplicity,

this paper deals only with the first stage (nucleation and

growth), since coarsening is not a necessary ingredient

for the prediction of a TTT diagram.
The nucleation of both phases is governed by the

driving force Dg for precipitation. This driving force is

estimated by assuming an ideal SSS of mole fraction XC ,

leading to (see [1] for more details):

Dg8 ��
kT

vat

S8 with

S8 �
�

X8
p ln

�
XC

X8
eq

�
�(1�X8

p )ln

�
1 � XC

1 � X8
eq

��
;

(1)

where the superscript 8 stands for the metastable (m ) or

the stable (s) phase, vat is the atomic volume (considered
as constant for all species), S8 is a thermodynamical

function giving the driving force for nucleation (based

on the hypothesis of a diluted and regular solid

solution), Xeq
8 , the equilibrium solute mole fraction

(with phase 8 ) in the matrix, Xp
8 the carbon mole

fraction in the precipitate, and XC the current solute

mole fraction of the matrix.

The nucleation rate is calculated via the classical
Becker�/Döring theory, modified by Zeldovich, taking

into account the free energy reduction due to phase

transformation (Dg ) and the free energy increase due to

the creation of an interface between both phases. This

approach gives the nucleation rate as the derivative of

the precipitate density N8 of each phase [1]:

dN8

dt
�N0Zb�8 exp

�
�

DG�8

kT

�
exp

�
�

t8

t

�
: (2)

N0 is the number of nucleation sites per unit volume
(:/l/vat �/2/a3 for a bcc structure with lattice parameter

a ), Z is the Zeldovich factor (:/1/20), t8 is the

incubation time. The other parameters of equation (2)

are expressed as follows [1]:

b�8 �
4pR�8

2

DXXC0

a4
; withR�8 �

R8
0

S8
and

R8
0 �

2g8 vat

kT
;

(3)

DG�8 �
16

3
p

g8
3

Dg8 2
; (4)

t8 �
1

2b�8 Z
; (5)

where R*8 is the nucleation radius (and also the

equilibrium radius), R0 is a thermodynamical parameter

which has the dimension of a length, g8 is the matrix/
precipitate (phase 8 ) interfacial energy, D is the

diffusion coefficient of solute atoms in the matrix, XC0

is the initial solute mole fraction.
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The growth of each precipitate phase is described by

the steady-state Zener equation, stating that the solute

flux is proportional to the gradient of the solute mole

fraction. The precipitate size increase during a time
increment dt is then calculated as:

dR8

dt
�

D

R8
�
XC � X8

eq exp(R8
0 =(X8

p R8 ))

X
8
p � X

8
eq exp(R8

0 =(X8
p R8 ))

�
1

N8
�
dN8

dt

� (aR�8 �R8 ): (6)

The first term corresponds to the growth of existing

precipitates (including the Gibbs�/Thomson effect) and

the second term to the appearance of the new nuclei of
size R*8 . The numerical factor a�/1.05 [10] results from

the fact that new precipitates only grow if their size is

slightly larger than the nucleation size. Note that this

equation also describes the dissolution kinetics of

metastable precipitates once they are destabilised by

the precipitation of the stable phase.

Finally, the coupling between stable and metastable

phases is made through the solute balance:

XC �
XC0

� (4=3)p(X (m)
p N (m)R(m)3

� X (s)
p N (s)R(s)3

)

1 � (4=3)p(N (m)R(m)3 � N (s)R(s)3

)
: (7)

This last equation assumes that both phases nucleate

independently. Nucleation of the stable phase eventually

destabilises the metastable phase by decreasing the

solute mole fraction in the matrix, which was previously

in equilibrium with the metastable phase.

3. Results and discussion

This model has been applied to a low carbon steel

(carbon mass fraction: 4.6�/10�4), in which the pre-

cipitation of metastable e (Fe2�4C, Xp
(m )�/1/4) and

Fe3C?, Xp
(s )�/1/4) phases are observed [17]. Although

Fe3C? is not strictly speaking a stable phase, we will call
it, for the sake of simplicity, the stable phase in the

following. Indeed, Fe3C?, sometimes called dendritic

cementite, appears within the grains between 250 and

450 8C, whereas Fe3C appears at grain boundaries at

temperatures above 450 8C. The coefficient of diffusion

of carbon is given by:

D�D0 exp

�
�

QD

RT

�
; (8)

with D0�/6.2�/10�7 m2 s�1 and QD �/80 kJ mol�1

[18].

Determining the solubility limit of carbon in ferrite

with good precision is not straight-forward. As men-

tioned in [19], data from the literature is very scattered
(for instance, the solubility limits of carbon in equili-

brium with cementite at 600 8C varies from 50 to 100

ppm). However, all data can be satisfactorily described

by the relation:

X8
eq �X8

eq0
exp

�
�

Q8
p

RT

�
: (9)

For the metastable e phase, Wells and Butler [3]

proposed the following parameters: Xeq0

(m )�/0.026 and

Qp
(m )�/6800 cal mol�1�/28.4 kJ mol�1. Note that e

precipitates are coherent, leading to a large amount of

elastic energy stored around the precipitate. This energy

has not been mentioned in the nucleation rate equation.

However, Wells and Butler’s values result from mea-

surements (internal friction) and, thus, incorporate the
elastic energy term.

Concerning the stable phase, Zhu [20] gave the

solubility limit of carbon, reporting values in accordance

with previous results obtained with the thermoelectric

power technique [21] (the protocol is detailed in [19,22]),

leading to: Xeq0

(s )�/0.01 and Qp
(s )�/6800 cal mol�1�/

28.4 kJ mol�1.

The initial value of the solute fraction is the key
parameter controlling the driving force for nucleation,

and thus the nucleation rate. It depends on the carbon

content of the considered alloy, but also on the thermal

treatment imposed on the sample. In the following, we

will consider an annealing treatment at 700 8C prior to

the precipitation treatment, followed by a quench. The

initial value of the solute fraction is then equal to the

solubility limit of carbon in ferrite at 700 8C. This limit
has been measured using thermoelectric power [19]

leading to (1.69/0.2)�/10�4 (mass fraction), or (7.09/

0.1)�/10�4 (mole fraction), in accordance with former

results of Stanley [23].

The two main parameters of this model are the

interfacial energies between the matrix and the precipi-

tates. As nucleation may be heterogeneous, they do not

correspond to true interfacial energies but to effective
values, taking into account the heterogeneous aspect of

nucleation, and also the non-spherical shape of pre-

cipitates. A more complex approach taking into account

a heterogeneous nucleation site numbers (N0 ?"/N0) and

a more realistic precipitate shape would lead to similar

results, adding more adjustable parameters. Indeed, we

assume that N0 and g8 do not vary with temperature.

This hypothesis will be confirmed by the simulation
results.

Moreover, it is not trivial to access values for

interfacial energies by experimental means and, to our

knowledge, no simulation at the atomic scale (ab initio,

molecular dynamics or Monte Carlo) predict any value.

Therefore, these two parameters have been fitted to an

experimental precipitation kinetics (presented later) at

one given temperature, leading to reasonable values:
g(m )�/0.147 J m�2 and g(s )�/�/0.174 J m�2. They are

kept constant for all temperatures. Note that the

sensitivity of the model to interfacial energies is very

M. Perez, A. Deschamps / Materials Science and Engineering A360 (2003) 214�/219216



high because they enter in the activation energy for

nucleation with an exponent of 3. Indeed, changing the

surface energy by about 2% leads to a time shift in the

precipitation kinetics of about 50%.

The set of equations previously derived (evolution of

R8 : Eq. (2) and evolution of N8 : Eq. (6)) was integrated

numerically using a Runge�/Kutta algorithm with an

adaptive integration stepsize [24]. Unknown variables

are (i) the solute mole fraction (XC), (ii) the radii of

stable (R(s )) and metastable (R(m )) precipitates, and (iii)

the density of stable (N(s )) and metastable (N(m ))

precipitates. The initial precipitate density is zero:

N(s )j0�/N(m )j0�/0. After the first iteration, the precipi-

tate radii are equal to the nucleation radii: R(s )j0�/R*(s )

and R(m )j0�/R*(m ).

Table 1 gives a complete list of all parameters used in

the model for a low carbon steel. A simulated precipita-

tion kinetics will be first presented at 200 8C (corre-

sponding to the domain where both metastable and

stable phases appear simultaneously): we will discuss the

time evolution of precipitates radius and density, and

solute fraction. Finally, precipitation kinetics computed

in a wide range of temperature will lead to the TTT

diagram that will be compared with experimental data

in the literature.

Let us start with a simple case where only the

precipitation of the stable phase is permitted. Evolution

of stable (s ) precipitates radii and transformed volume

fraction at 200 8C is shown in Fig. 1. After the

incubation time, precipitates start to grow until the

solute mole fraction reaches its equilibrium value:

R(s )�/R*(s ). At this stage, growth stops. The trans-

formed fraction of the stable phase (corresponding to 4/

3pR(s )3

N(s )) exhibits a classical behaviour (sigma curve).

Fig. 2 shows the radius evolution for both phases at

200 8C. After the incubation time (t8 of equation 2),

precipitates of both phases start to grow simultaneously,

following a similar law (note that the number of

precipitates of each phase is very different). At a given

time, due to the precipitation of the stable phase, the

critical radius for dissolution of the metastable phase

(R*(m )) exceeds the value of their mean radius: this

destabilises the metastable phase, which quickly disap-

pears to the benefit of the stable phase, the growth of

which is thus accelerated.

Fig. 3 shows the evolution of the density of each

precipitate phase at 200 8C. As their nucleation rate is

much higher at this temperature, metastable precipitates

are dominant in the first stages of the decomposition

process: the stable phase becomes dominant only when

the metastable phase is destabilised.

The carbon mole fraction evolution in the solid

solution at 200 8C is exhibited in Fig. 4. Two well

defined stages can be observed: the first one is related to

Table 1

List of the parameters of the model for a low carbon steel

Parameter Meaning Value Source

a Lattice parameter of bcc iron 2.86�10 m [25]

vat Atomic volume of bcc iron vat �/a3/2 �/

N0 Number of sites per unit volume N0�/1/vat �/

Z Zeldovich factor 1/20 [26]

g(m ) Matrix/metastable phase surface tension 0.147 J m�2 Fit

g(s ) Matrix/stable phase surface tension 0.174 J m�2 Fit

D0 Pre-exp. factor for the diffusion coefficient 6.2�/10�7 m2 s�1 [18]

QD Act. energy for the diffusion coefficient 80 kJ mol�1 [18]

XC
0

Initial value of carbon mole fraction 0.0007 [19,23]

Xeq
0

(m ) Pre-exp. factor for the solubility limit (m ) 0.026 [3]

Xeq
0

(s ) Pre-exp. factor for the solubility limit (s ) 0.01 [20]

Qp
(m ) Act. energy for the solubility limit (m ) 28.4 kJ mol�1 [3]

Qp
(s ) Act. energy for the solubility limit (s ) 28.4 kJ mol�1 [20]

Xp
(m ) Mole fraction of metastable precipitate 0.25 �/

Xp
(s ) Mole fraction of stable precipitate 0.25 �/

Fig. 1. Evolution of stable (s ) precipitate radii and transformed

volume fraction at 200 8C, when only the stable phase precipitation

is permitted. After the incubation time, precipitates start to grow until

the solute mole fraction reaches its equilibrium value: R(s )�/R*(s ).
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the precipitation of e carbides and the second one to the

precipitation of cementite.
The total transformed fraction of each phase (corre-

sponding to 4/3pR83

N8) is represented in Fig. 5. The

two stages of the precipitation kinetic appear clearly: the

metastable phase nucleates and grows first and is

destabilised when the stable phase grows. Note that

the metastable phase has a strong effect on the stable

phase precipitation kinetics: when the stable phase is

alone (see Fig. 1), its precipitation is completed after

approximately 10 min at 200 8C, whereas it lasts for

approximately 1000 min when both phase precipitate.

Indeed, the nucleation rate of the stable phase is much

lower after the metastable phase precipitation, that has

‘‘consumed’’ a large part of solute atoms, leading to a

low driving force for nucleation.

The computation presented has been made at tem-

peratures ranging from 100 to 350 8C and the results are

presented as a TTT diagram. At each temperature, the

time corresponding to a transformed fraction of 60% is

considered.
Results of this model have been compared with an

iso-thermal precipitation diagram, presented by Abe [17]

obtained from resistivity measurements. Abe performed

quench-ageing of an aluminium-killed low-carbon steel,

which was preliminarily austenitised for 2 h at 920 8C,

slowly cooled to room temperature, cold rolled to 75%

reduction, held at 700 8C for 20 min and quenched in

iced water. The initial carbon fraction in the solid

solution is then given by the solubility limit of carbon

in ferrite at 700 8C as considered previously. Fig. 6

Fig. 2. Evolution of metastable (m ) and stable (s ) precipitate radii at

200 8C. Precipitates of both phases start to grow simultaneously,

following a similar law. At a given time, due to the precipitation of the

stable phase, the critical radius for dissolution of the metastable phase

(R*(m )) exceeds the value of their mean radius: this destabilises the

metastable phase, which quickly disappears to the benefit of the stable

phase.

Fig. 3. Number of precipitates per unit volume at 200 8C. The number

of metastable phase precipitates is higher until their destabilisation.

Fig. 4. Concentration of the solid solution at 200 8C: the first step

corresponds to the precipitation of the metastable phase and the

second step to the precipitation of the stable phase.

Fig. 5. Transformed fraction vs. time for each phases at 200 8C. The

metastable phase is destabilised as the stable phase appears.
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compares experimental and simulated TTT, or precipi-

tation diagrams. A very good agreement is observed for

the two carbides over the whole range of temperatures.

As mentioned previously, the metastable phase precipi-

tation has a strong effect on the precipitation sequence
kinetics: its appearance leads to longer precipitation

time for the stable phase.

4. Conclusion

The microscopic model presented in this paper

describes nucleation and growth stages for simultaneous
precipitation of metastable and stable phases. It is based

on simple assumptions: (1) the estimation of the driving

force for precipitation is based on an ideal solution

hypothesis; (2) the nucleation rates follow the Becker�/

Doring theory; (3) both phases nucleate independently;

(4) each phase exhibits spherical precipitates, and only

the mean radius is considered; (5) coarsening is not

included; (6) growth of precipitates (and their dissolu-
tion) follows the Zener equation. Under these assump-

tions, this model describes the competitive precipitation

kinetics (in terms of radius, density and solute mole

fraction evolution) of a two-phase system, including two

precipitates of different stability (called metastable and

stable for the sake of simplicity, even if cementite is not

truly a stable phase). Results obtained with a quench-

ageing low-carbon steel are in good agreement with data
from the literature. The model enables to separate the

temperature ranges of both phases, as well as the

temperature range where the simultaneity of both

precipitation phenomena has to be taken into account.

In this temperature range, the kinetics of the transition

from the metastable to the stable precipitate is also

described.

A natural extension of this modelling work will be to
include the other characteristic regimes for multi-phase

precipitation as described in Section 1. Further devel-

opment should also include the description of non-

isothermal precipitation kinetics, where the transition

from metastable to stable phases is particularly relevant.

For this purpose, a so-called ‘‘class model’’ describing

the evolution of the precipitate size distribution will be

used.
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