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A B S T R A C T

A recently developed precipitation model is coupled to an original mechanical model to predict the strength
evolution in Mg-Zn alloys during aging. The proposed models consider the strengthening effects of rod and plate-
shaped precipitates on the most important deformation mechanisms in Mg alloys: basal slip, prismatic slip, and
twinning. It is found that shearing of rod precipitates dominates the strengthening on basal slip at early aging
stages, while the bypass mechanism dominates medium and over-aging stages. On prismatic planes, the bypass of
rod precipitates dominates across all aging stages. The influence of different precipitate arrangements and aspect
ratios on modelling results is also discussed. The strengthening from plate-shaped precipitates is found to be very
poor for the studied slip modes. While for twinning, the strength evolution is nicely represented by bypassing of
rod-shaped precipitates. The evolutions of tensile and compressive yield strength during aging are well predicted
by considering the hardening on prismatic and twinning planes, respectively.

1. Introduction

Developing high strength magnesium (Mg) alloys is of great interest
since it has the potential of “light weight” applications in aerospace,
transportation and biomedical products due to its high specific strength
and bio-degradable features [1-5]. Strengthening through age hard-
ening, a typical approach in metallic alloys, involves the formation of
nano-scale precipitates that hinder dislocation movement [6]. While the
fundamental mechanisms governing the interaction between disloca-
tions and precipitates are well understood, the exact contribution of
these mechanisms to the strength evolution during aging remains un-
clear. This uncertainty is particularly significant for Mg alloys, where
basal, prismatic slip and twinning are readily activated during defor-
mation, a characteristic of their hexagonal close-packed (hcp) structure.
The Mg-Zn system is an ideal candidate for investigating precipita-

tion strengthening in Mg alloys, as it provides excellent age-hardening
response [7]. Two distinct strengthening phases are reported in Mg-Zn
alloys [8-18]: the rod-shaped βʹ

1 precipitates along the c-axis and the
plate-shaped βʹ

2 precipitates with their broad face parallel to the basal
plane. In the precipitation sequence, the rod-shaped precipitates typi-
cally form first followed by the plate-shaped ones. Their precipitation
kinetics have been thoroughly reported in previous studies [13,19,20].
To accurately describe the strength evolution in Mg-Zn alloys, it is

crucial to understand the role of rod and plate-shaped precipitates on the
slip and twinning mechanisms.
Numerous studies have investigated the precipitation hardening on

different slip planes in Mg alloys based on the precipitate shapes. This is
usually achieved by evaluating the critical resolved shear stress (CRSS)
difference before and after aging. Initial investigations used single
crystal studies [21] and have then progressed to poly-crystals using
methods such as micropillars [12,22], nanoindentations [23] and in-situ
diffraction [24-28]. For example, Wang et al. [12] suggested that the
rod-shaped precipitates in an aged Mg-5 Zn alloy produce moderate
increase of CRSS for basal slip of 17 MPa (33 %), based on micropillar
compression results. Agnew et al. [29], using in-situ neutron diffraction
and Elasto-Plastic Self-Consistent models (EPSC) modelling, found that
prismatic plates in Mg alloys containing rare-earth elements increased
the CRSS for basal slip from 12 MPa to 37 MPa, an increase of over 200
%, while the CRSS for prismatic slip increased by 18 %, from 78 MPa to
92 MPa. However, techniques like micropillars and indentation-based
approaches are subject to size effects [12,22,23] and other artefacts
that can lead to scattering results for the same system.
Regarding the equations that describe precipitation hardening, two

types are normally considered [6,15,16,30,31]: (i) dislocation bypassing
precipitates through the Orowan mechanism, and (ii) precipitate
shearing. The Orowan equation, traditionally used for spherical
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particles, calculates the maximum stress required for a dislocation line
to bow and bypass strong precipitates in a slip plane. In Mg alloys, with
most precipitates having asymmetrical shapes, efforts have been made
to modify the Orowan equation to account for precipitates with
non-spherical shapes. Nie [16] and Robson et al. [15] applied a modified
Orowan equation to calculate the hardening effect of precipitates with
different geometries on basal and prismatic slips in Mg alloys. These
studies have shown that the rod-shaped precipitates have stronger
hardening effect on both slip systems compared to the plate-shaped
precipitates. These predictions have been confirmed by recent Trans-
mission Electron Microscopy (TEM) and in-situ diffraction studies [13,
25], and agree well with some other experimental CRSS estimations [11,
13,32]. However, these studies do not fully address the influence of
different particle arrangements on the CRSS increments.
In Mg alloys, the precipitation hardening on slip is often well

described by the Orowan equation, as bypassing is usually the dominant
mechanism since most strengthening precipitates in Mg alloys are either
too large or incoherent to be sheared [10]. Nonetheless, shearing has
been observed in prior works, in thin prismatic plates and rod-shaped
precipitates by basal slip as observed by TEM [33-36], though these
findings are mostly based on single-crystal micropillar experiment
where the shearing forces are significantly higher than in polycrystals.
Bhattacharyya et al. [35] developed an order strengthening model
predicting that the shearing resistance of precipitates may be related to
the formation of anti-phase boundaries (APB) within the precipitates.
The APB energy for basal slip was estimated to be 210 mJ/m2, high
enough to account for the observed shearing. While the shearing
mechanism of precipitates in Mg alloys remains unclear, theoretical
solutions for shearing have been proposed in some other systems such as
aluminium (Al) alloys. Bardel et al. [37] introduced a coupled precipi-
tation and strengthening model based on Orowan theories for a 6061 Al
alloy, accounting for both shearing and bypassing mechanisms for
needle-shaped precipitates.
Twinning also plays an important role in accommodating plastic

deformation in Mg alloys, but evaluating precipitation hardening on
twinning is complicated. Early studies [38-40] showed that precipitates
can be sheared by {1012} twins, particularly when precipitates are thin
(< 20 nm) and coherent with the matrix. However, twins do not usually
shear precipitates [11,32,41]. Instead, the rod-shaped precipitates in
Mg-Zn alloys tend to undergo a rigid body rotation of ~ 4◦ as it interacts
with a twin [11,15,38]. Gharghouri et al. [42] found that twins can
either engulf, arrest at, or bypass precipitates depending on their size
differences. The CRSS increment for twinning caused by precipitates has
been evaluated in many studies through Visco-Plastic Self-Consistent
(VPSC), micropillar compression and Schmid Factor method [11,15,32,
43,44]. In Mg alloys, the c-axis rods were found to increase CRSS for
twinning by ~ 30 – 60 MPa [11,44,45], while the basal plates caused an
increase of ~ 20 – 50 MPa [28,32,46]. These results vary depending on
the methods used to determine the onset of twinning. The classical
Orowan equation has also been applied to study precipitate strength-
ening against twinning [15,16], where the twin partial dislocation is
treated in the same way as a lattice slip dislocation to bypass the pre-
cipitates. However, since the Burgers vector of twinning dislocations is
much smaller than that of slip, the predicted hardening from the Orowan
equation (~ 5 – 10 MPa) is lower than the CRSS values reported above
(~ 20 – 60 MPa) [11,15,32,43,44]. Recently, Barnett et al. [47] pro-
posed a double super dislocation model for the propagation of twins
based on Orowan theory, where the movement of the twin tip can be
seen as a set of twin partials, with the leading dislocation being “pushed”
by a trailing super dislocation to bypass the particles. This model
reasonably predicts the observed CRSS increment in aMg-6 Zn alloy [44,
47].
Despite extensive reporting on precipitation hardening on slip and

twinning in Mg-Zn alloys, few studies have attempted to couple strength
models with precipitation kinetics models. Consequently, the strength

evolution during aging in Mg-Zn alloys with rod-shaped precipitates has
not been well described, and the relative importance of different
strengthening mechanisms contributing to the strength evolution have
not been thoroughly discussed.
This study aims at investigating the precipitation hardening mech-

anism on basal, prismatic slips and twinning in Mg-Zn alloys following
precipitation kinetics, and eventually the yield strength evolution dur-
ing aging, through strengthening models coupled with a precipitation
kinetics model. The precipitation modelling strategy and microstruc-
tural information will be referenced from a recent paper [20] where the
precipitation kinetics in the same Mg-Zn alloy is characterized and
modelled in detail through multiple characterization techniques and a
precipitation model. The strengthening model for slip is built on the
classical theories that depict interactions between dislocations and
particles, and the model for twinning is based on the super dislocation
model proposed by Barnett et al. [47]. All strengthening models are
modified to consider poly-dispersed precipitates calculated from pre-
cipitation kinetics model. Finally, the modelling results are compared
with experimental data and the hardening mechanisms of precipitates
on different deformation modes are discussed.

2. Methodology

2.1. Material and heat treatment

The material and heat treatment conditions used in this study are
following [20]. Briefly, extruded Mg - 4.5wt% Zn alloy as the example
material to validate the model. This composition was selected for its
considerable precipitate volume fraction after heat treatment while
avoiding unstable solid solution and Zn clustering [48]. The production
of this material starts from the solution treatment under Argon gas at-
mosphere of cast Mg - 4.5wt% Zn alloy at 330 ◦C for 24 h and 370 ◦C for
120 h, followed by extrusion at 350 ◦Cwith a reduction ratio of ~ 36 and
a ram speed of 0.1 mm/s. The obtained microstructure has a grain size of
~ 20 μm. The extruded samples are then artificially aged at 150 ◦C and
200 ◦C for up to 180 h in an air furnace, followed by quenching in water
at room temperature. Note that the effect from oxidization is excluded,
as all samples were sealed within stainless steel foil when aging, and the
aging temperatures (150 and 200 ◦C) were significantly lower than the
critical temperature reported for aggressive oxidization to occur (~400
◦C) [49].

2.2. Tensile and compression tests

The compression and tensile samples are cut from the centre of the
extruded and aged material. The cylindrical compression samples have a
height of 6 mm and a diameter of 4 mm. The tensile tests used minia-
tured samples, the gauge size of which is presented in Fig. 1. Three
samples were tested for each condition. Compression and tensile tests
were carried out using a universal INSTRON machine, with a compres-
sion strain rate of 2× 10–4 s-1 and a tension strain rate of 1× 10–3 s-1, in a
direction parallel to the extrusion direction (ED) so that the {1012}
twinning dominates the compression stress-strain behaviour and pris-
matic slip dominates in tension.

2.3. Precipitation kinetics model

The precipitation kinetics model used in this study is built on clas-
sical nucleation and coarsening theories where nucleation, growth and
coarsening are calculated at a continuous level. The principal equations
were adapted for rod and plate-shaped precipitates in the PreciSo soft-
ware which are fully described in [20].
This model is based on several assumptions:

• The nucleation is homogeneous.
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• The interfacial energy of precipitates decreases with increasing
temperature and does not change with precipitate size and other
aging conditions.

• The chemical composition and aspect ratio of precipitates does not
vary with precipitate size and aging conditions.

• The solute diffusion rate does not vary with crystal orientations.

For nucleation, the total Gibbs energy change ΔG with the presence
of precipitates can be expressed as follows:
Rods [37]:

ΔG =

(

br −
2
3

)

πr3r Δg + br2πr2r γ (1)

Plates [50]:

ΔG =
2
bp

πr3pΔg +
(

1+
2
bp

)

2πr2p γ (2)

Where Δg is the chemical driving force (negative) and γ is the surface
energy, rr is the radius of rod-shaped precipitates, br is the shape factor
(length over radius) of rod-shaped precipitates, rp is the radius of plate-
shaped precipitates, bp is the shape factor (diameter over thickness) of
plate-shaped precipitates.
The energy barriers for nucleation are:
Rods [37]:

ΔG∗ =
16
3

π γ3

Δg2
2b3r

(3br − 2)2
(3)

Plates [50]:

ΔG∗ =
16
3

π γ3

Δg2

(
bp + 2

)3

18bp
(4)

The classical nucleation rate for rod and plate-shaped precipitates is
given by [51]:

dN
dt

= N0Zβ∗exp
[

−
ΔG∗

kbT

][
1 − exp

(
−
t
τ

)]
(5)

Where t is the aging time, τ is the incubation time, T is the temperature,
kb is the Boltzmann constant, N0 is the nucleation site density, the cur-
rent study considers homogeneous nucleation where every atom of the
matrix is a possible nucleation site, then N0 = 1

vmat
, where vmat is the atomic

volume of the matrix. β∗ is the condensation rate and Z is the Zeldovich
factor.
For growth and coarsening, modified Zener-Hillert expressions are

used:
Rods [37]:

dl
dt

= 1.5
DZn
2rr

XZn − X iZn
αXpZn − X iZn

(6)

Plates [50]:

dl
dt

= 0.5bp
DZn
rp

XZn − X iZn
αXpZn − XiZn

(7)

Where DZn is the Zn diffusion coefficient, α is the ratio of atomic volume
between matrix and precipitate, XZn is Zn atomic fraction in the matrix,
XpZn is the Zn atomic fraction in the precipitate, XiZn is Zn atomic fraction
at the interface.
The precipitate size evolution in this model is described with a “mean

field multi-class approach” (Lagrangian-like approach) where, in a
precipitate size class, the size of precipitates evolves with time but its
proportion remains constant. The mass balance is calculated to update
the solute content as precipitation proceeds using:

XZn =
X0Zn − αXpZn fv
1 − αfv

(8)

Where fv is the volume fraction of precipitates at each time step which
can be calculated by knowing the radius and number density of pre-
cipitates from the model, X0Zn is the initial atomic fraction of Zn in solid
solution, here X0Zn = 0.0172. Here we assume the βʹ

1 precipitate
composition is Mg4Zn7, corresponding XpZn = 7/11, and βʹ

2 precipitate
composition is MgZn2, corresponding XpZn = 2/3.
For more details of the precipitation model, readers are referred to

[20]. It should be noted that the effects of solute clustering or GP zone
are not considered in the current work as the previous study [20] shows
no evidence of solute clustering (or GP zone) in the material extruded at
the same condition, based on the Thermo-electric Power (TEP) analysis.

2.4. Precipitation strengthening model for slip

The strengthening model for slip used in this study is based on the
classical formulations proposed by Friedel [52] and improved by Kocks
[53] and Deschamps [54], with principles fully described in Appendix.
Where a dislocation line interacts with particles, the CRSS increment

can be determined by the net force acting on the particles and the par-
ticle spacing [53,54], varying depending on whether the particle is
sheared or bypassed.
For sheared particles, the CRSS increment is:

Δτsh = μ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k3r3Na
2βb

√

(9)

Where Na is the area density of particles, b is the Burgers vector, β is the
tension line constant, μ is the shear module, r is the average intersect
radius of precipitates with the shear plane and k is a constant.
For bypassed particles, the CRSS increment is:

Δτbp = 2βμb
L

(10)

Where L is the particle spacing.
The r, Na and L adapted for rods and plates in different deformation

Fig. 1. Schematic illustration of a tensile sample used for the study (units are
in mm).
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modes will be presented in later sections.
The critical radius rc where the shearing to bypassing transition oc-

curs and the forces for shearing and bypassing are equal is defined as
[37]:

rc =
2βb
k

(11)

2.5. Precipitation strengthening model for twinning

The mechanical model for twinning in this study is based on a double
super dislocation model proposed by Barnett et al. [47]. In this model,
the principal equation is:

Δτ =
τ0G(nʹb)2

2π
̅̅̅̅̅̅̅̅̅̅̅
1 − v

√
2γLtwin

ln
(
D
nʹb

)

(12)

Where τ0 is the obstacle free reference propagation stress τ0 =
2γ
nb, 2γ is

the coherent twin interface energy, v is Poisson’s ratio, Ltwin is the
effective precipitate spacing on the twinning plane, D is the harmonic
mean of precipitate length l and particle diameter d, which is given by 2

/
(
l− 1 + d− 1

)
, and ń b is the magnitude of the leading super dislocation

Burgers vector.
The term nʹb can be eliminated with an empirical relationship from:

nʹb = bʹ0

(
d
b

)1
3

(13)

Where d is the diameter of precipitates, and b0́ is an empirical coeffi-
cient. For twinning b = 0.049 nm and b0́ = 0.22 nm.

3. Results of precipitation kinetics model for Mg-Zn alloys

3.1. Model parameters

The precipitation kinetics model presented by Yang et al. [20] is used
to provide microstructural information for strength calculations in
Mg-Zn alloys. The material under study is the Mg-4.5 wt.%Zn alloy and
the parameters used are shown in Table 1. To clearly distinguish the two
precipitate species, all rod-shaped βʹ

1 precipitates are assumed to have a
composition of Mg4Zn7, and plate-shaped βʹ

2 precipitates are considered
to have a composition of MgZn2. A and B are parameters used to
calculate the solubility product of precipitates (log10KS = − A

T + B).
Since β∗ in Eq. (5) only allows one lattice parameter [20]; thus, for the
Mg alloy, which typically has two lattice parameters, an equivalent
lattice parameter a are used to describe the jumping frequency of atoms.
This parameter can be calculated as follows. First, the volume of the hcp
lattice unit is divided by the actual number of atoms in this unit to obtain
the average atomic volume. Second, assuming atoms are homoge-
neously distributed in the matrix, an equivalent cubic structure is

defined with the same atomic volume, and its lattice parameter a can be
back-calculated from the unit volume. It should be noted that different
surface energies are selected as fitted parameters for precipitates formed
at 150 ◦C and 200 ◦C. Whilst previously reported surface energy values
for Mg alloys were first used [55,56] (~ 0.02 to ~ 0.4 J/m2), the final
values selected are the ones that provide the best agreement between
simulation and experimental results reported in Yang et al. [20]. This
approximation is acceptable as the major focus of this study is not to
validate the precipitation kinetics model, but to provide the best input
for the strengthening model.

3.2. Precipitate size information for strength calculations

The formation kinetics of rod (Mg4Zn7) and plate-shaped (MgZn2)
precipitates in Mg-Zn alloys aged at 150 ◦C and 200 ◦C are calculated
using the precipitation model. The simulations are validated against
experimental results from several characterization techniques as re-
ported in ref. [20]. Fig. 2 shows the simulated evolutions of precipitates’
radius, number density and volume fraction. At early aging stage, the
rod-shaped βʹ

1 phase has a lower radius and higher number density
compared to the plate-shaped βʹ

2 phase (Fig. 1(a)-(d)). The rod-shaped βʹ
1

phase dominates the precipitation process and reaches its maximum
volume fraction when aged at 150 ◦C for ~ 84 h or 200 ◦C for ~ 12 h
(Fig. 1(e) and (f)). Subsequently, the rod-shaped phase is gradually
replaced by the plate-shaped βʹ

2 phase. Overall, the simulated results
align closely with the experimental data reported in [20]. The precipi-
tate size distribution at each time step is also calculated to aid the
strength calculation, some example conditions are shown in Fig. 3.
These results are coupled with the strengthening model to calculate the
strength evolution in the following sections.

4. Precipitation strengthening model for Mg-Zn alloys

4.1. Geometry relationship between precipitates and deformation planes

In this study, the mechanical model incorporates both the Orowan
bypassing and the shearing mechanisms with a critical radius rc where
the dominating mechanism transitions from shearing to bypassing. For
the shearingmechanism in Eq. (9), the particle spacing Lwas removed to
emphasize the area density Na rather than the particle arrangement.
Contrastingly, for the bypassing mechanism in Eqs. (10) and (12), the
crucial factor is the mean particle spacing on the slip and twinning
planes. In Mg-Zn alloys, the two major strengthening precipitates are
rod-shaped βʹ

1 phase and plate-shaped βʹ
2 phase. Their geometrical re-

lationships with the basal, prismatic and twinning planes are depicted in
Fig. 4. Rod precipitates align perpendicular to the basal plane and par-
allel to the prismatic plane. Plate precipitates have their large surface
plane parallel to the basal plane and perpendicular to the prismatic
plane. Both rods and plates intersect twinning plane at an angle.

4.2. Influence of precipitate arrangement

In the literature, two kinds of arrangements are proposed for this
system: square (Robson et al. [15]) and triangular (Jain et al. [13] and
Rosalie et al. [59]). To compare their influence on the strength calcu-
lation, mono-dispersed precipitates on slip planes are considered, where
all precipitates are assumed to have the same size and are distributed
homogeneously on each slip plane. This simple description of precipitate
distributions will be expanded upon in later sections.
On the basal plane, both rod and plate precipitates have circular

shape intersections. For homogeneously distributed rods with volume
fraction fv, length l and radius r, the particle spacing can be expressed as:

For triangular arrangement : L = r

̅̅̅̅̅̅̅̅̅̅
2π
̅̅̅
3

√
fv

√

− 2r (14)

Table 1
Parameters used for precipitation model.

Parameters β́1(Mg4Zn7) β́2 (MgZn2) Reference

X0Zn (at%) 1.72 1.72 [20]
XpZn 7/11 2/3
Aspect ratio 25 (br) 2.5 (bp) [20]
A (K) 3759 1095 [20]
B − 6.89 − 2.06
D0Zn (m

2/s) 2.9 × 10− 5 2.9 × 10− 5 [57]
QZn (kJ/mol) 118.6 × 103 118.6 × 103 [57]
γ at 150 ◦C (J/m2) 0.043 0.0773 fitted
γ at 200 ◦C (J/m2) 0.04 0.0743 fitted
vpat (m3) 1.72 × 10–29 1.62 × 10–29 [58]
α 1.35 1.43 [58]
Equivalent lattice parameter a (Å) 2.85 × 10–10 2.85 × 10–10 [20]
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Fig. 2. Simulated radius, number density and volume fraction of rod (Mg4Zn7) and plate-shaped (MgZn2) precipitates in Mg-Zn alloys aged at 150 ◦C and 200 ◦C.
Results are compared with experiment data from Yang et al. [20], where “TEP-sol” means the precipitate volume fraction translated from the Themo-electric power
measurement for solution treated samples.
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For square arrangement : L = r
̅̅̅̅π
fv

√

− 2r (15)

Given their similar intersection shapes and geometrical relationships
with the basal plane, rod and plate shaped precipitates follow the same
expression for particle spacing. Comparing Eqs. (14) and (15), the

difference between particle spacings for triangular and square ar-

rangements is equal to
̅̅̅̅̅
2̅̅
3

√

√
, which is close to 1, indicating a minor in-

fluence of particle arrangement on strengthening calculations.
On the prismatic plane, the intersections of rods have a near rect-

angular shape perpendicular to the basal plane. Their possible distri-

Fig. 3. Simulated precipitate size distributions of rod-shaped βʹ
1 (Mg4Zn7) precipitates aged at (a)150 ◦C for 30 h and (b)200 ◦C for 5 h, and plate-shaped β́2 (MgZn2)

precipitates aged at (c)150 ◦C for 30 h and (d)200 ◦C for 5 h, in Mg-Zn alloys. All selected conditions are in the growth stage of precipitation. R* is the critical radius
for the precipitate to grow.

Fig. 4. intersection of rods and plates with basal, prismatic and twinning planes.
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butions are shown in Fig. 5. As seen, both arrangements have multiple
sets of particle spacing values. Since the precipitation hardening is
dominated by the smaller particle spacings, the effective particle spacing
for square and triangular arrangements are Lmin and L∗, respectively.
Considering a rod with length l and radius r intercepting a prismatic

plane, the effective radius varies depending on the position of the pre-
cipitate relative to the intersecting plane, as shown in Fig. 6. The mean
intersect radius r is related to r by:

r =
1
r

∫r

0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
r2 − x2

√
dx = r

π
4

(16)

The effective particle spacing for a square arrangement is:

Lmin =

̅̅̅̅̅̅̅
πrl
2fv

√

− l (17)

And for a triangular arrangement, the effective particle spacing is:

L∗ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

L
̅̅̅
3

√

2
− l
)2

+

(

L
1
2
− 2r

)2
√

(18)

When the precipitates are plate-shaped, the intersection of pre-
cipitates on a prismatic plane remains rectangular with an arrangement
similar to Fig. 5 but rotated 90◦.
On the twinning plane, the intersection of rods can be approximated

as circular areas similar to their projections on a basal plane. Thus, the
distribution of rods on the twinning plane is similar to that on the basal
plane, as depicted on Fig. 4, with a minor influence from different
particle arrangements. The intersection of plates on the twinning plane
resemble their projections on the prismatic plane with a near rectangle
shape similar to Fig. 5 with a 90◦ rotation. Due to the asymmetrical
nature of the precipitate intersections on the prismatic plane (Fig. 5),
different precipitate arrangements could have significant impacts on the
results.
Fig. 7 compares the influence of the two arrangements proposed in

Fig. 5 on the particle spacing calculation, for the Mg-4.5 Zn alloy aged at
200 ◦C for 12 h as an example. The radius of rod-shaped precipitates is
fixed at 5 nm and the number density of precipitates is fixed at 1.3 ×

1020 m- 3 (Table 2 in ref. [20]). The study investigates the smallest
spacing in each arrangement relative to particle length, with all values
normalized by the center-to-center distance L to emphasize the relative
impact of particle shape and positioning.
From Fig. 7, it seems that triangular and square arrangements give

close evaluations of particle spacing for short to medium rod lengths.

While for longer rods, both arrangements will meet their theoretical
limit:
(a) For square arrangement, it tends to underestimate the particle

spacing when rod is long. And the particle will overlap (where particle
spacing goes to 0 and below) when the rod length equals to the particle

center-to-center distance which can be expressed as
̅̅̅̅̅
πrl
2fv

√
. When the

precipitate is plate-shaped, this limit can be expressed as
̅̅̅̅̅̅
πrtp
2fv

√
, where tp

is the thickness of plate.
(b) For triangular arrangement, it provides a more stable configu-

ration overall. But when the rod length gets close to the height of tri-
angle, the smallest particle spacing L∗ gradually lose its sensitivity to the
particle shape and is eventually saturated as the rod side-to-side distance
Lsat = 1

2 L, which does not vary with further particle shape change. The
particle spacing could therefore be overestimated when the rod length is
around this limit.

The upper limit of this saturation can be determined as
̅̅
3

√

2 L =

1
2

̅̅̅̅̅̅̅̅̅̅̅
3

√
πrl
fv

√

for rod-shaped precipitates. When l < 1
2

̅̅̅̅̅̅̅̅̅̅̅
3

√
πrl
fv

√

, the smallest

spacing L∗ is well described by Eq. (18). When l ≥ 1
2

̅̅̅̅̅̅̅̅̅̅̅
3

√
πrl
fv

√

, the smallest
spacing becomes:

Fig. 5. Square and triangular arrangements of rod precipitate intersections on prismatic plane.

Fig. 6. Bottom view of rod intersection on prismatic plane. The effective radius
varies depending on the position of the precipitate relative to the intersect-
ing plane.
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Lsat =
1
2
L =

1
2

̅̅̅̅̅̅̅̅̅̅
πrl
̅̅̅
3

√
fv

√

(19)

When the precipitates are plate-shaped with a long side r and short

side tp, the upper limit for r = πr
4 becomes

1
2

̅̅̅̅̅̅̅̅̅̅̅̅
3

√
πrtp
fv

√

. When r < 2
̅̅̅̅̅̅̅̅̅̅
3

√
rtp

πfv

√

,
smallest spacing L∗ is:

L∗ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

L
̅̅̅
3

√

2
− 2r

)2

+

(

L
1
2
− t
)2

√

(20)

When r ≥ 2
̅̅̅̅̅̅̅̅̅̅
3

√
rtp

πfv

√

, the saturated smallest spacing becomes:

Lsat =
1
2

̅̅̅̅̅̅̅̅̅̅
πrtp
̅̅̅
3

√
fv

√

(21)

4.3. Model for poly-dispersed precipitates on slip planes

To capture the full-strength evolution during aging, mechanical
models are extended to poly-dispersed precipitates incorporating pre-
cipitate size distributions provided by the precipitation model.

4.3.1. On {0001} basal plane
As changing precipitate arrangement does not give much influence

on strengthening prediction of basal plane, only triangularly arrange-
ment is considered. The area density of precipitates intersecting the
shear plane is the sum of all size classes in the precipitation model:

Na =
2̅̅̅
3

√
L2

=
∑

i
Nai =

∑

i
Niĺi (22)

Where Nai,Ni and ĺi are the area density, number density and probability
of intersection in size class i.

This leads to the estimation of the average precipitate center-to-
center spacing:

L =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2

̅̅̅
3

√ ∑
iNili

√

(23)

Where li is the precipitate length in size class i.
Assuming precipitates larger than rc are bypassed and smaller ones

are sheared, the CRSS increments due to bypassing and shearing are
derived using Eqs. (9) and (10):

Δτbp =
2βμb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2̅̅

3
√ ∑

i
Ni li

√
− 2

∑
i>ic

Niri∑
i>ic

Ni

(24)

Δτsh = μ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k3
∑

i<icNili
2bβ

√ (∑
i<icNiri∑
i<icNi

)3
2

(25)

The shape and distribution of plate precipitates on the basal plane
are the same as rod precipitates. For poly-dispersed plates the rod
length l can be simply replaced by the plate thickness tp:

Δτbp =
2βμb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2̅̅

3
√ ∑

i
Ni tpi

√
− 2

∑
i>ic

Niri∑
i>ic

Ni

(26)

Δτsh = μ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k3
∑

i<ic
Ni tpi

2bβ

√ (∑
i<icNiri∑
i<icNi

)3
2

(27)

4.3.2. On {1010} prismatic plane
On prismatic plane, both triangular and square arrangements are

considered to evaluate their differences on strength prediction. For the
evaluation of critical radius between shearing and bypassing, rod in-

Fig. 7. The ratio between precipitate gap (PPT gap) and center-to-center spacing (L) vs The ratio between precipitate length (PPT length) and center-to-center
spacing (L) for rod precipitates on prismatic plane. The triangular and square arrangements give close evaluations of particle spacing for short to medium rod
lengths. While for longer rods, the difference becomes bigger and both arrangements will meet their theoretical limit.
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tersections on prismatic planes are assumed spherical with an effective
intersect radius. The average intersection area is:

S = 2rl = 2r
π
4
l (28)

And the effective intersect radius is:

r∗ =

̅̅̅

S
π

√

=

̅̅̅̅
rl
2

√

(29)

For poly-dispersed precipitates, Eq. (29) becomes:

ri∗ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∑
iNirili
2
∑

iNi

√

(30)

And the area density can be expressed as:

Na =
∑

i
Ni2ri (31)

To calculate the shearing strengthening of asymmetrically shaped
precipitates, the shearing mechanism proposed by Nie et al. [60] for
plates and rods in aluminium alloys is adopted to modify Eq. (9). The
values of array exponent and efficient surface energy in Nie’s equations
[60] are considered fixed in the current study and naturally incorpo-
rated into the constant k. For rod-shaped precipitates, the CRSS incre-
ment for shearing becomes:

Δτsh = k3/2 × br

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π
∑

i<icNili
bβμ

√

(32)

For bypassing of triangularly arranged precipitates, the center-to-
center spacing is:

L =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2

̅̅̅
3

√ ∑
iNi2ri

√

(33)

Considering Fig. 7 in Section 4.2, the critical situation for the
triangular distribution to be saturated is when the precipitate length is
equal to the height of the triangle. For poly-dispersed precipitates, the

height of the triangle can be expressed as
̅̅
3

√

2 L =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√

2
∑

i
Ni2ri

√

. Therefore,

the CRSS increment due to bypassing can be calculated using Eqs. (10),
(18), (19) and (33):

When
∑

i>ic
Nili∑

i>ic
Ni

<

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√

2
∑

i
Ni>ic 2ri

√

:

Δτbp =
2βμb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3
√

2
∑

i>ic
Ni2ri

√

−

∑
i>ic

Ni li∑
i>ic

Ni

)2

+

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
2
̅̅
3

√ ∑
i>ic

Ni2ri

√

− π
2

∑
i>ic

Niri∑
i>ic

Ni

)2
√
√
√
√

(34)

When
∑

i>ic
Nili∑

i>ic
Ni

≥

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√

2
∑

i>ic
Ni2ri

√

:

Δτbp =
4βμb
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2̅̅
3

√ ∑
i>ic

Ni2ri

√ (35)

For bypassing of squarely arranged precipitates, CRSS increment due
to bypassing becomes:

Δτbp =
2βμb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1∑

i>ic
Ni2ri

√

−

∑
i>ic

Ni li∑
i>ic

Ni

(36)

With the theoretical limit of
∑

i>ic
Ni li∑

i>ic
Ni

<

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1∑

i>ic
Ni2ri

√

.

For the case of plate shape precipitates, the effective intersect radius
becomes:

ri∗ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∑
iNiritpi
2
∑

iNi

√

(37)

And the CRSS increment for the shearing of plate-shaped precipitates
becomes:

Δτsh = k3/2 ×
1
2
b2p

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π
∑

i<icNitpi
bβμ

√

(38)

In this case, the critical radius of plates for the triangular distribution

to be saturated becomes 4π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3
√

2
∑

i
Ni2ri

√

. Using Eqs. (10), (20), (21) and (33),

the CRSS increment due to bypassing is:

When
∑

i>ic
Niri∑

i>ic
Ni

< 4
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√

2
∑

i
Ni>ic 2ri

√

:

Δτbp =
2βμb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3
√

2
∑

i
Ni2ri

√

− π
2

∑
i
Niri∑
i
Ni

)2

+

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
2
̅̅
3

√ ∑
i
Ni2ri

√
−

∑
i
Nitpi∑
i
Ni

)2
√
√
√
√

(39)

When
∑

i>ic
Niri∑

i>ic
Ni

≥ 4
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√

2
∑

i
Ni>ic 2ri

√

, the CRSS increment is equal to Eq.

(35).
For squarely distributed plate-shaped precipitates, the CRSS incre-

ment due to bypassing is:

Δτbp =
2βμb

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1∑

i>ic
Ni2ri

√

− π
2

∑
i>ic

Niri∑
i>ic

Ni

(40)

With the theoretical limit of
∑

i>ic
Niri∑

i>ic
Ni

< 4
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√

2
∑

i
Ni>ic 2ri

√

.

4.3.3. Model parameters
The parameters used to calculate the strength evolution for slip are

summarized in Table 2. Shearing of precipitates in Mg-Zn alloy is re-
ported byWang et al. [12] for single crystals with shearing of rod-shaped
precipitates with radius ~ 5 nm by basal slip during micropillar
compression. This prior micropillar experiment is oriented favourably
for basal slip where there is a strong localisation into a shear band. For
poly-crystal materials the amount of shear banding is lower as the
deformation is disturbed by grain boundaries and multiple slip modes.
As a result, precipitate shearing events due to large, concentrated
stresses are less likely to occur when the precipitate radius is ~ 5 nm.
Therefore, the transition radius rc between shearing and bypassing in the
current study is proposed between 0 to ~ 5 nm, and the value of ~ 2.5
nm is selected as it gives the best fit to represent experimental results,
this value is also close to the one proposed by Jain et al. [13]. The
constant k can be determined using Eq. (11) and the mechanical model
for poly-dispersed precipitates coupled with the precipitation model is
incorporated into the PreciSo software.

4.3.4. Modelling results of CRSS increment on slip planes
Fig. 8 shows the evolution of CRSS increment on basal plane calcu-

lated from the strengthening model when aged at 150 ◦C and 200 ◦C.
The dominant strengthening effect is the bypassing mechanism of rod-

Table 2
Parameters used for strength model for slip.

Parameters Value Reference

β 0.21 [61]
μ (GPa) 17 [47,50]
rc (nm) 2.5 fitted
k 0.09

Eq. (11)
b (nm) 0.32 [15,62]
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shaped Mg4Zn7 phase, with shearing of rods and bypassing of plate-
shaped MgZn2 phase playing roles at early or long aging times. When
aged at 150 ◦C (Fig. 8(a)), shearing dominates hardening initially
(peaking at 40 MPa at ~ 27 h), then bypassing takes over as the pre-
cipitates grow larger and the peak CRSS increment due to bypassing
reaches ~ 50 MPa. When aged at 200 ◦C (Fig. 8(b)), due to larger pre-
cipitate sizes, shearing has only a small initial contribution (up to ~ 3 h)
and the bypassing mechanism dominates the strengthening at most
aging stages with a peak CRSS increment of ~ 30 MPa. At both tem-
peratures, the peak CRSS increments agree well with Orowan calcula-
tions from literature of similar materials and aging conditions [15,63,
64]. Notably, this calculation might overestimate the precipitation
hardening of basal slip as much lower CRSS increment were reported
from experiments (~ 10 – 17 MPa) [12,17]. After peak aging, the CRSS
increment from bypassed rod-shaped Mg4Zn7 phase starts to drop and is
gradually replaced by the bypassing mechanism of plate-shaped MgZn2
phase for longer aging times even though its strength contribution is
small.
The evolutions of CRSS increment on prismatic plane evaluated from

triangular and square arrangements when aged at 150 ◦C and 200 ◦C are
presented in Fig. 9. As shown, at both temperatures, shearing of rod-
shaped Mg4Zn7 phase contributes small CRSS increment in the early
aging stages and the strengthening effect from plate-shaped MgZn2
phase is almost negligible. The dominant strengthening mechanism is
bypassing of rod-shaped Mg4Zn7 phase at all stages. For triangular
arrangement, the peak CRSS increments on the prismatic plane at 150 ◦C
and 200 ◦C are ~ 20 MPa and ~ 10 MPa respectively. Changing to
square arrangement will increase the peak CRSS increments of ~ 5MPa.
The results at 150 ◦C agree with the Orowan calculation fromWang et al.
[12] where the CRSS of prismatic slip increased by ~ 20 MPa after
peak-aging at 150 ◦C in a Mg-5 wt.%Zn alloy, but different from some
other studies of the same materials and conditions such as Jain et al.
[13] (~ 39 MPa), Stanford et al. [11] (~ 70 MPa) and Robson et al. [15]
(~ 34 MPa). Despite the different particle arrangements chosen, the
scattering results from literature and this study could be due to the in-
fluence of various precipitate shape (represented by aspect ratio)
observed, this will be discussed in greater details in Section 6.1.

4.4. Model for poly-dispersed precipitates on twinning plane

Based on the results from the precipitation model and strengthening
model for slip, several simplifications were made for the twinning
model. Firstly, the strength contribution from plate-shaped β

ʹ
2 pre-

cipitates is ignored, as they have poor hardening effect (as seen in
Fig. 8), due to the large radius and very small number density of pre-
cipitates (Fig. 1(a), (b), (c) and (d)). Secondly, the shearing of pre-
cipitates by twin dislocations is not considered here since most results in
literature [11,12,15,32,38,41] show that the rod precipitates are un-
likely to be sheared by twin dislocations.
The principal equation is based on the model proposed by Barnett

et al. [47] (Eq. (12)). To calculate nʹb, Ltwin and D in Eq. (12), the
intersect area of rods on the twinning plane is equated to a spherical
shape with an effective radius of:

r =
∑

iNiri∑
iNi

̅̅̅̅̅̅̅̅̅̅
1
cosϕ

√

(41)

Where ϕ is the angle between the {1012} twinning plane and the {0001}
basal plane, calculated using the lattice structural information.
Similar to basal slip, only triangular arrangement is considered here

as changing precipitate arrangement does not give significant influence
on strengthening prediction. In this case, the area density Na is:

Na =
2

̅̅̅
3

√
(Ltwin + 2r)2

=
∑

i
Ni(2risinϕ+ licosϕ) (42)

Leading to the particle spacing:

Ltwin =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2

̅̅̅
3

√ ∑
iNi(2risinϕ + licosϕ)

√

−
2
∑

iNiri∑
iNi

̅̅̅̅̅̅̅̅̅̅
1
cosϕ

√

(43)

With:

nʹb = bʹ0

(
2r
b

)1
3
= bʹ0

(
2
∑

iNiri
b
∑

iNi

̅̅̅̅̅̅̅̅̅̅
1
cosϕ

√ )13

(44)

The effective diameter then is:

Fig. 8. The kinetics of CRSS increment on the basal plane when aged at (a) 150 ◦C and (b) 200 ◦C in Mg-4.5 Zn alloy. Results are compared with the literature [15,63,
64], showing that the dominant strengthening effect is the bypassing mechanism of the rod-shaped Mg4Zn7 phase, with shearing of rods and bypassing of
plate-shaped MgZn2 phase playing roles at early or long aging times.
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D =
2

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2̅̅
3

√ ∑
i
Ni(2risin∅+licos∅)

√
−
2
∑

i
Niri∑
i
Ni

̅̅̅̅̅̅̅
1
cosϕ

√
)− 1

+

(
2
∑

i
Niri∑
i
Ni

̅̅̅̅̅̅̅
1
cosϕ

√
)− 1

(45)

4.4.1. Model parameters
Integrating Eq. (43) - (45) into Eq. (12), the strength increment at

each time step can be calculated using the size information of pre-
cipitates calculated in Section 3.2. The parameters used for the
strengthening model for twinning are shown in Table 3.

4.4.2. Modelling results of CRSS increment on twinning plane
The CRSS increment on twinning plane is calculated by considering

the Orowan bypass mechanism of c-axis rod-shaped precipitates. The
CRSS results, shown in Fig. 10, follow the same kinetics as the rod-
shaped precipitates in the precipitation model (Fig. 2). The maximum
hardening effects are reached when aging at 150 ◦C for ~ 84 h or 200 ◦C

for ~ 12 h, the difference in CRSS increment at 150 ◦C and 200 ◦C on
twinning planes is minor (~ 3 MPa) compared to that on slip planes (a
difference of ~ 10 – 20MPa). It suggests that the hardening effect on slip
is more sensitive to the precipitate size variation than that on twinning
in the proposed model. This is probably due to the precipitates have
better alignment with slip planes than that with twinning planes.

Fig. 9. The kinetics of CRSS increment on prismatic plane evaluated from the triangular arrangement when aged at (a) 150 ◦C and (c) 200 ◦C, and evaluated from the
square arrangement when aged at (b) 150 ◦C and (d) 200 ◦C, in Mg-4.5 Zn alloy.

Table 3
Parameters used for strengthening model for twinning.

Parameters Value Reference

μ (GPa) 17 [47,50]
v 0.33 [47]
γ
(
J/m2) 0.12 [47]

b for twin (nm) 0.049 [47]
τ0 (MPa) 20 [47]
b́0 (nm) 0.22 [47]
ϕ (rad) 0.75 This work
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5. Modelling the yield strength evolution

5.1. Tensile tests along the extrusion direction

To compare the strengthening predictions from the current model
and experimental values, several extruded samples with different aging
conditions were tested in tension along the extrusion direction. Fig. 11
shows the stress-strain curves of extruded Mg-4.5 Zn alloys aged at

different aging conditions. The yield strength increases from ~ 135 MPa
in the as-extruded condition to ~ 221 MPa in the peak aged condition at
150 ◦C. The peak aged yield strength at 200 ◦C is ~ 206 MPa.
Studies by Agnew et al. [65] and Muransky et al. [66], using EPSC

modelling and in situ neutron diffraction, suggested that while basal slip
governs the micro-yielding, the macroscopic yielding is controlled by
harder deformation modes. In analytical strength models of Mg alloys
[11,13,15], the yield strength is determined by prismatic slip when

Fig. 10. The kinetics of CRSS increment on twinning plane when aged at (a) 150 ◦C and (b) 200 ◦C in Mg-4.5 Zn alloy. The strengthening effect from plate-shaped
MgZn2 phase is set to 0.

Fig. 11. True stress-strain curves in tension along extrusion direction of Mg-4.5 Zn samples with different aging conditions.
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tension is applied along the extrusion direction, and during compression
it is controlled by twinning. The calculation of yield strength from the
mechanical model is by relating the resolved shear stress Δτ to the
macroscopic stress increase Δσ with the Taylor factorM (Δσ =MΔτ).M
is related to the stress-based termM = 1

m, where m is Schmid factor. For
prismatic planes, M was measured as 2.22 from Electron Back Scatter
Diffraction (EBSD) maps of the as-extruded material (Appendix Fig. A3
& A4).
The final stress increment is calculated as [53]:

Δσtotal = Δσinitial + Δσsol + Δσp (46)

Where Δσinitial is the yield strength of the base material, including the
contributions from forest dislocations and the Hall-Petch effect which
remains constant during aging. Δσsol is the solid solution strengthening
contribution, expressed as [37,52]:

Δσsol = kZnX
2
3
Zn (XZn in at.%) (47)

The scaling factor kZn for Zn can be evaluated from Shi et al. [67] and
Wang et al. [17] where tensile and compression yield strengths are
tested for Mg-Zn alloys with similar grain sizes and different Zn content.
The average kZn for tension and compression are calculated as ~ 10

MPa/(at.%)
2
3 and ~ 11 MPa/(at.%)

2
3, respectively.

The yield strength increment, Δσp, from precipitates, considering
both shearing and bypassing mechanisms and different precipitate
species, is:

Δσ(rod or plate) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(σsh)2 +
(
σbp
)2

√

(48)

Δσp =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(σrod)2 +
(
σplate

)2
√

(49)

Fig. 12. Comparison between simulated kinetics of yield strength using different particle arrangements and tensile tests results along extrusion direction at (a)(b)
150 ◦C and (c)(d) 200 ◦C from Fig. 11. The dominant deformation mechanism is considered as prismatic slip.
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The yield strength of the non-aged sample determines the yield
strength of the base material with Δσinitial+ Δσsol ≈ 135 MPa. From the
initial Zn concentration using Eq. (47), the initial Δσsol ≈ 14 MPa.
Therefore Δσinitial is estimated as ~121 MPa.
The yield strength evolutions for precipitation hardening on pris-

matic planes calculated from different particle arrangements at 150 ◦C
and 200 ◦C are compared with experimental results in tension along the
extrusion direction in Fig. 12. Note that a global deviation value for
experimental results is shown as this is required by the modelling soft-
ware. This value equals the largest deviation value of all tested condi-
tions (shown in peak-aged samples, ~ 10 MPa) and the same will apply
to Fig. 15. It is seen that square arrangement gives slightly higher peak
hardening effect that triangular arrangement. At both temperatures, the
dominant strength contribution is from the bypassing mechanism of rod-
shaped Mg4Zn7 phase. The model gives a satisfactory prediction of the
yield strength values at early aging stages but underestimates the values
around peak aging stage, such underestimation is even higher at 200 ◦C.
This can be due to two things. Firstly, the precipitation model assumes a
constant rod aspect ratio, but in reality this parameter is not constant
during aging (Yang et al. [20]). These deviations could be minor at early
aging stage since the shape factor only has limited influence when the
overall precipitate size is small, but it becomes more significant when
precipitates grow larger. Secondly, the hardening of basal slip could also
potentially affect the final yield strength. It is reported that a quarter of
the total strain could be attributed by basal slip in this case [66]. The
ratio of hardening from the different slip modes is possible to evolve
during the precipitation sequence.

5.2. Compression tests along the extrusion direction

Compression tests were conducted for different ageing times at 150
◦C and 200 ◦C. Some representative compressive stress-strain curves of
selected conditions are shown in Fig. 13. A yield plateau (or yield
elongation) is observed in all conditions. Notably, the length of the yield
elongation decreases with ageing time. This is due to the reduced

autocatalytic activity of twinning and subsequently lower twin aspect
ratio in aged materials [68]. The current result also shows that the yield
elongation is inversely proportional to the yield strength in Mg-Zn al-
loys. Fig. 14 summarizes the yield stresses of all tested conditions. The
yield strength increases with aging time in both temperatures and the
maximum strength increment (~ 70 MPa) was observed following peak
aging at 150 ◦C. The peak aged strength increment at 200 ◦C is ~ 40
MPa.
The macroscopic yielding in textured wrought Mg alloys is deter-

mined by tensile twinning when compressed perpendicular to the c-axis
[65]. Using the similar analysis detailed in Section 5.1, the evolution of
yield strength during aging can be modelled by considering the pre-
cipitation strengthening from twinning. The Taylor factor (inverse of
Schmid factor) for twinning measured from Appendix Fig. A3 & A4 is
2.38. Adding it to Eq. (12) and combining with the Eq. (43) - (45), the
modelling results can be calculated, as shown in Fig. 15. The simulated
yield strength increment agrees well with the experiment results by
considering twinning alone, only a slight underestimation around peak
aging at 150 ◦C is shown, with the bypassing of precipitates by twinning
dislocations being the dominant mechanism.

6. Discussion

6.1. Precipitation hardening induced by basal and prismatic slip

The current study shows that rod-shaped βʹ
1 precipitates have strong

strengthening effect on both basal and prismatic slips.
For basal slip, the rod precipitates are the most effective strengthener

since there is a high probability of rod precipitates intersecting the basal
plane, and the strengthening effect from precipitates are mainly influ-
enced by the radius according to Eq. (24). The shearing and bypassing
mechanisms in the basal plane for rod precipitates in Mg-Zn alloys
during aging has been captured and modelled, as shown in Fig. 8. The
Orowan bypassing mechanism was found to dominate, agreeing with

Fig. 13. True stress-strain curves in compression along extrusion direction of Mg-4.5 Zn samples with selected aging conditions. Test was halted at an applied plastic
train of 0.012.
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prior works [13,15,63,64]. The CRSS increment of basal slip in Mg-Zn
alloys after peak-aging at 150 ◦C or 200 ◦C is ~ 30 – 50 MPa, which
agrees with previous reports from micropillar measurements on single
crystals by Alizadeh et al. [64]. However, extrapolating these theories to
polycrystalline material is still problematic. Wang et al. [17] examined
CRSS of basal slip in an as-extruded Mg-4.5 Zn alloy before and after
peak-aging at 150 ◦C by testing the onset stress of lattice deviation
through XRD, it was found that aging increased the CRSS of basal slip by
a mere ~ 10 MPa, a much lower increment than the one from value of
Orowan prediction (Fig. 8 and [13,15,63,64]). This discrepancy might
be attributed to the limited dislocation source in micropillar sample,
accommodating effect of grain boundaries and more activated shear
bands in polycrystalline materials.
Shearing of rod precipitates plays a crucial role in precipitation

hardening of basal slip especially at early and over-aging stages ac-
cording to Fig. 8. Wang et al. [12] proposed that the shearing of particle
is “crystallographically dictated”. In the present case, basal dislocations

have an ideal crystallographic matching with a low order plane in rod
precipitates, favouring shearing by basal dislocations. Such shearing
event has been observed in several studies by TEM in aged Mg-Zn alloys
during micropillar tests [12,64,69]. It is suggested that the basal dislo-
cations pile up at the precipitate/matrix interface to accumulate elastic
energy before precipitate shearing occurs [69,70], revealing that
shearing is controlled by the local elastic energy rather than the pre-
cipitate size. Studies have shown that Orowan loops and precipitate
shearing coexist in several Mg alloys with large precipitates [64,70-72].
However, shearing in polycrystalline materials might be less observable
due to smaller shear on individual slip planes. Additionally, shearing can
alter precipitate shapes, affecting subsequent interactions with disloca-
tions [64], an aspect not captured in the model, potentially leading to
overestimations.
On the prismatic plane, the strength increment is mostly contributed

by the bypassing mechanism, as shown in Fig. 9. Different from basal
slip, shearing is less significant for prismatic slip due to the large

Fig. 14. The 0.2 % yield stress of samples aged at (a) 150 ◦C and (b) 200 ◦C, when compressed along the extrusion direction.

Fig. 15. Comparison between simulated kinetics of yield strength and compression tests results along extrusion direction at (a) 150 ◦C and (b) 200 ◦C from Fig. 14.
The dominant deformation mechanism is considered as twinning.
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intersection area of precipitates and less favourable crystallographic
match. One consequence is that the equivalent radius of precipitates on
the prismatic plane quickly meets the critical value, and the transition
from precipitate shearing to precipitate bypassing happens early during
aging. In other words, the shearing contribution is capped at a short
aging time and limited to small precipitates.
For bypassing mechanism on prismatic plane, the strength increment

is very sensitive to the particle shape, as the rod length directly effects
the inter-precipitate distance on prismatic planes (Fig. 7). This study
used a constant rod aspect ratio of ~ 25, which was taken from the
average of overall TEM results in Yang et al. [20], to predict the
strengthening kinetics due to prismatic slip, this needs to be reconsid-
ered as experiments show that the aspect ratio is changing with aging
time and temperature (Table 1 in [20]). One possible reason for this kind
of change is related to the varying growth rates of different facets of
precipitates. Usually, the incoherent part of the precipitate surface is
more mobile [73,74], and the coherent interfacial area is maximized to
minimize the overall interfacial energy of the system [75]. In Mg-Zn
alloy, both monoclinic Mg4Zn7 and hexagonal MgZn2 are proposed as
the composition of rod-shaped precipitates [76,77], studies also shown
that these two structures can co-exist in the same precipitate [78]. It is,
therefore, possible that the rod-shaped precipitates undergo structural

transformation during aging, which leads to the variation of interfacial
coherency and consequently changing growth rates between facets of
precipitates. This is reflected in the current work (Fig. 2(e) and (f)), as
aging goes longer, the long rods (with the composition Mg4Zn7) are
gradually replaced by shorter plates (with the composition MgZn2).
Also, the lattice misfit between precipitate and matrix causes elastic
stress that can affect particle shape [79]. The changing aspect ratios
could be co-influenced by interfacial and elastic energies [80,81].
To illustrate the effect of precipitate aspect ratio, the precipitation

hardening effect is plotted against aspect ratios for various conditions in
Fig. 16. In this analysis, the precipitate volume fraction and number
density are fixed at different values to represent different aging stages
for both triangular and square arrangements, while precipitate shape
varies with the aspect ratio (from thick and short to thin and long).
Several observations can be made: (1) When the precipitate volume
fraction and number density are low (corresponding to the early aging
stage), the influence of particle shape change on hardening prediction is
minor for both particle arrangements, as shown in Fig. 16(a) and (b). In
this case, the particle spacing is much larger than the precipitate radius/
length and thus, the shape of the particle is insignificant. (2) When the
precipitate volume fraction and number density are higher (around the
peak aging stage), the hardening calculations become more sensitive to

Fig. 16. Influence of precipitate aspect ratio on hardening predictions on the prismatic plane. Tested conditions are estimated from the precipitation model and
experimental results in [20], wherein (a) and (b), the precipitate number density (N) and volume fraction (Fv) are fixed at low values to represent early aging stages;
in (c) and (d) the precipitate number density and volume fraction (Fv) are fixed at high values to represent peak aging stages.
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the particle shape change and easier to meet their theoretical limits
(Fig. 7), as shown in Fig. 16(c) and (d). (3) It is also shown that the
square arrangement has much faster hardening changes (increased by
about five times in the tested range) with aspect ratio compared to the
triangular arrangement (<10 %) in Fig. 16(c) and (d). This agrees with
the analysis in Fig. 7. It should be noted that there is a drop in hardening
prediction with increasing aspect ratio when the aspect ratio is below ~
20 for triangular arrangement in Fig. 16(c). This means when the pre-
cipitate is short, the calculation results from the triangular arrangement
are dominated by the precipitate radius, as it decreases when the aspect
ratio increases, while when the precipitate is long, the calculation is
dominated by the length of precipitate. For the square arrangement, the
calculation results are dominated by precipitate length all the time.
Lastly, this study confirms the poor strengthening effect from plate-

shaped βʹ
2 precipitates by slip on basal and prismatic planes, as shown in

Fig. 8 and Fig. 9, due to their poor alignment and extremely low number
densities (Fig. 2(c) and (d)).

6.2. Refining strengthening model for prismatic slip

Our results show that using hardening of prismatic slip for tensile
predictions aligns well at early aging stages but underestimates peak
aged Mg-Zn alloys’ yield strengths (Fig. 12), as also noted in other
studies [13]. This is probably due to the lack of consideration of pre-
cipitate shape change during aging [20] as discussed in the above sec-
tion. An improvement strategy is proposed to address this issue by fitting
a set of changing aspect ratio into the strengthening model that can
satisfy the tensile yield strength at tested conditions. This method has
the following assumptions:

• Tensile yield strength along extrusion direction is dominated by
prismatic slip [11,13,15].

• Precipitate aspect ratios is increased with aging time before peak
aging and decreased with aging time during over aging [20].

• Precipitate aspect ratio is increased with aging temperature [20].

Based on the precipitation size information from the precipitation
model (Fig. 2) and the analysis in Fig. 16. A set of aspect ratios are
selected and presented in Table 5 that gives best agreement with the lab
tested tensile yield strengths, the modeling results are shown in Fig. 17.
It can be seen from Table 4 that the fitted aspect ratios are a bit higher
than the experimentally observed values [20], this is expected as the

precipitation model gives lower predictions of precipitate sizes than the
experiment (Fig. 2(a) and (b)).
Fig. 17 shows that increasing the aspect ratios of peak aging condi-

tions can significantly improve the model predictions (compared to
Fig. 12) at both temperatures. Notably, for short to medium aging time,
both particle arrangements lead to close calculation values that agree
well with the experimental results. For peak aged conditions, where the
shape asymmetry and number density are the highest, there is a bigger
discrepancy between square and triangular arrangements, especially at
200 ◦C. The increased gap between the two estimations over aging time
indicates that the strength predictions from both arrangements are
getting closer to their theoretical limits (Fig. 7). In this case, the square
arrangement tends to overestimate the strengthening effect and the
triangular arrangement tends to underestimate, the final value of
modelled yield strength is therefore proposed in between the two
estimations.
The expressions of aspect ratios for both temperatures are then

derived, and could be incorporated into the strengthening model for the
current material:

For 150 ∘C : br =
(
1.27 × 10− 4s− 1

)
× t + 1.76(before 84 h) (50)

For 200∘C : br =
(
1.27 × 10− 3s− 1

)
× t + 6.78(before 12 h) (51)

and

Fig. 17. Modified strengthening model results for prismatic slip with fitted aspect ratio compared with tested tensile yield strength of Mg-4.5 Zn alloys aged at (a)
150 ◦C and (b) 200 ◦C.

Table 4
The precipitate aspect ratio that changes with aging conditions to fit the tensile
yield strength.

Aging conditions Fitted aspect ratio
(l/r)

Measured aspect ratio from TEM
in [20]

Initial value 1
150 ◦C - 4h 5
150 ◦C - 32h 15
150 ◦C - 59h 30
150 ◦C - 84 h (peak-
aging)

40 ~ 29

200 ◦C - 1h 5
200 ◦C - 2h 10
200 ◦C - 4h 50
200 ◦C - 12 h (peak-
aging)

55 ~ 37

200 ◦C - 180 h (over-
aging)

15 ~ 13
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br =
(
− 6.61 × 10− 5s− 1

)
× t + 57.85 (after 12 h) (52)

Where br is aspect ratio of rod precipitates which can be represented as l
/r, t is time with unit s.
Note that this is a rough estimation as the current model does not

consider potential contributions from different deformation modes to
the final yield strength, and there are still differences between precipi-
tation model and experiments (Fig. 2). Also, the kinetics of precipitate
shape change could be influenced by alloy composition and aging
temperature. But overall, this work provided a novel reference for
modelling the precipitation hardening on prismatic plane in Mg-Zn
alloys.

6.3. Precipitation hardening from twinning

According to Fig. 15, considering solely the bypass mechanism by
twin dislocations gives satisfactory predictions of the strength evolution
during aging in Mg-Zn alloys. Precipitate shearing by twin dislocation is
less likely given the smaller Burgers vector of twin dislocations
compared to slip dislocations and shearing by twinning is rarely
observed [11,12,15,32,38,41]. It occurs only in cases with very small
precipitates [38-40] and the mechanism to describe these shearing
events is still unclear. The unshearable precipitates lead to twin dislo-
cations pile up and subsequent bypass, as proposed by Barnett et al. [37].
Studies show [11,15,32,38,41] that the c-axis rods are rotated by
twinning. This must happen gradually along the rod as the twin front
propagates. The local stresses will thus be complex and the uncertainty
over their magnitude and variation may account for discrepancies be-
tween predictions (CRSS increment of twinning at 150 ◦C in this study of
~ 20 MPa) compared to the diffraction work of Wang et al. [17] (~ 15
MPa).
Also, the current model does not capture several phenomena which

may explain the discrepancies between modelling and experimental
results, such as:

• The interactions between precipitates and twin boundaries, as in-
terfaces exhibit many different mechanisms that could influence the
precipitation hardening effect, compared to dislocations as line de-
fects [82].

• The interactions between precipitates and the back stress and plastic
relaxation [83,84].

6.4. Limitations of the current model

The strengthening model’s results are based on the precipitate size
calculated from the precipitation model (ref. [20]) which involves a set
of assumptions. Solute effects on CRSS are excluded as it is reported to
only have a minor influence [85,86]. Comparisons with polycrystalline
materials likely lead to overestimated results due to simplifications like
homogeneous precipitate distribution and disregard for structural de-
fects like grain boundaries. In addition, the super dislocation model for
twinning does not consider the planar defects that have been reported to
form in the twin interfaces [87-89]. Despite these limitations, the cur-
rent model provides a useful estimate of hardening increments as a
function of aging time and temperatures in Mg-Zn alloys.

7. Conclusions

In this paper, the hardening effects of precipitates from slip and

twinning in Mg-Zn alloys are investigated through mechanical models
coupled with a precipitation model. The main conclusions are summa-
rized as follows:

1. Mechanical models, coupled with a precipitation model, are devel-
oped to predict the strength evolution of Mg-Zn alloys during aging.
The analysis reveals that rod-shaped βʹ

1 precipitate is the dominant
strengthening phase while the plate-shaped βʹ

2 has a minimal
strengthening impact.

2. On the basal plane, the shearing mechanism of rod-shaped βʹ
1 pre-

cipitates dominates at early aging stages, while the bypassing
mechanism becomes gradually more prevalent in medium aging
stages.

3. For the prismatic plane, the dominant strengthening mechanism is
the bypassing of rod-shaped precipitates. The model effectively es-
timates yield strength evolution during tensile tests along the
extrusion direction, particularly at early aging stages. However, it
tends to underestimate the yield stress around peak aging stages; this
can be improved by considering changes in the shape factor of the
rod-shaped βʹ

1 precipitate.
4. A mechanical model for poly-dispersed precipitates on the twinning
plane is developed, providing accurate predictions for strength
evolution in compression. This model focuses on the bypass mech-
anism of rod-shaped precipitates.

Overall, this research advances our understanding of precipitation
hardening in Mg-Zn alloys. It highlights the significant role of rod-
shaped β

ʹ
1 precipitates and the limited impact of plate-shaped β

ʹ
2 pre-

cipitates across various aging stages and deformation modes.
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Appendix

Precipitate strengthening model for slip
Force acting on precipitates
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If we consider a dislocation line of Burgers vector b and line vector I, as shown in Fig. A1, located at a region of applied stress contains only yz shear
components, and I make an angle α with b, each portion of a dislocation line will be subjected to a stress given by Peach-Koehler force [90]:

f = τb× I = τb

⎡

⎣
sinα
cosα
0

⎤

⎦ (A1)

Where τ is the critical resolved shear stress (CRSS).
The force f will be always perpendicular to the dislocation line and making a circular profile of the dislocation with a radius R. Also, the dislocation

is subjected to a line tension T that is always parallel to the dislocation line. At equilibrium, the net force acting on a dislocation arc length dl = Rdθ =

0, this gives:

τbdl = 2T dθ/2 (A2)

And therefore:

T = τbR (A3)

The radius of dislocation line curvature is then inversely proportional to the applied stress. Next, when the dislocation line moves into interaction
with particles, the net force acting on neighbouring particles due to the arc of dislocation can be calculated as [53,54]:

F =

∫
α0 −

θ
2

α0+
θ
2

τb

⎡

⎣
sinα
cosα
0

⎤

⎦Rdα = 2Rτbsin
(

θ
2

)
⎡

⎣
sinα0
cosα0
0

⎤

⎦ (A4)

To estimate the net force acting on single particle Fp, on average we assume the force acting on left and right side of particle are equal:

Fleft = Fright = Fp
/
2 (A5)

And the distance L between the central particle to its neighbouring particles are equal:

Lleft = Lright = L (A6)

Noting that:

L
2
= Rsin(θ /2) (A7)

Fig. A1. Dislocation with burger’s vector b and line vector I interacting with particles [91].

Finally, we can derive the intensity of the force:

Fp = Lτb (A8)

The CRSS increment due to presence of particle is then [53,54]:

Δτp =
Fp
bL

(A9)

Bypassed precipitates
For bypassed precipitates, the dislocation bows until θ = π and L = 2R, leading to the force due to bypassed precipitates:

Fbp = 2τbR = 2T (A10)

The line tension T is often approximated by [37,53,54]:
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T = βμb2 (A11)

Where β is the tension line constant and μ is the shear module.
Then we have:

Fbp = 2βμb2 (A12)

Take Eq. (A12) into Eq. (A9), the CRSS increment due to bypassed precipitates is finally:

Δτbp = 2βμb
L

(A13)

Sheared precipitates
For sheared precipitates, Fp can be expressed as [54]:

Fsh = kμbr (A14)

Where r is the average intersect radius of precipitates with the shear plane and k is a constant.
Fig. A2 shows a situation where dislocation line shearing through one particle. The dislocation line swept an area A after shear through an obstacle

and before meeting other obstacles (from situation 1 to situation 2, shadow area in Fig. A2). This area contains exactly one obstacle, therefore we have:

ANA = 1 (A15)

Where NA is the area density of precipitates.
The bowing occurs at constant mean critical radius Rc. Since in shearing situation the bowing angles are small, so we can estimate sinθ ≈ θ, the area

A can then be calculated:

A = R2c

[
2θc
2

−
sin2θc
2

]

− 2R2c

[
θc
2
−
sinθc
2

]

≈
R2c θ

3
c

2
(A16)

From Eq. (A7) we know that:

Lsh = 2Rcsin(θc /2) (A17)

This leads to:

R2c θ
3
c ≈ Lsh2θc (A18)

Fig. A2. Dislocation shearing through a particle. The area swept by dislocation line from situation 1 to situation 2 contains one particle [91].
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With ANA = 1, we can finally have:

Lsh2θc
2

NA = Lsh2
Fsh

2T
NA = 1 (A19)

The effective particle spacing is then:

Lsh =

̅̅̅̅̅̅̅̅̅̅̅̅

2T
FshNa

√

(A20)

Combine Eq. (A9), (A14) and (A20). The CRSS increment due to sheared precipitates is finally:

Δτsh = Fsh3/2

b

̅̅̅̅̅̅̅̅̅
Na
2T

√

= μ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k3r3Na
2βb

√

(A21)

EBSD measurement for studied material
The EBSD measurement used to evaluate the Schmid factor for basal, prismatic slip and twinning in this study is conducted using a LEO 1530 SEM

with the observation plane parallel to the extrusion direction. The step size is 1 µm. Fig. A3 presents the EBSD result for extruded Mg-4.5Zn alloy.
Fig. A4 shows the corresponding Schmid factor maps of the basal slip, prismatic slip, and tension twin (when the sample is compressed along ED).

Fig. A3. Microstructures of as-extruded Mg-4.5Zn alloy. (a) is the ED colouring inverse pole figure; (b) is the misorientation plot of (a) showing the absence of peaks
corresponding to twinning; (c) is the {0001} pole figure of the as-extruded sample showing a typical extrusion texture with basal plane normal of most grains
perpendicular to ED.
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Fig. A4. Schmid factor maps of basal slip (a), prismatic slip (b) and tension twin (c) corresponding to the ED inverse pole figure shown in Fig. A3(a). Their relative
frequency comparison is summarized in (d).
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